This article describes an approach to array design that results in the construction of transducers producing precisely controlled radiation patterns. The method of dense random arrays employs an array of equally weighted elements, randomly distributed with a density distribution that matches a desired shading. As the spatial density of elements increases, the theoretical radiation pattern approaches that of the ideal shading. If the ideal shading is real (e.g., for a symmetric beam), all elements in the random array will be either in phase or in phase opposition, and the array will require a single amplifier coupled with a phase inverter. If the ideal shading is both real and positive (e.g., Gaussian or Blackman-Harris shading), all elements will be in phase and will require only one amplifier. This approach was used to design a linear array to generate a 2 ø wide Gaussian beam. The elements had a minimum spacing of one-quarter of a wavelength and were placed using a Monte Carlo approach. A theoretical sidelobe level of -21.8 dB was achieved, with good agreement in the central beam (2.4 ø beamwidth predicted). A 500-kHz acoustic transducer with this element distribution was built using 110-/•m-thick polyvinylidene fluoride (PVDF). Experiments reveal a radiation pattern very close to the predicted pattern, with -20.8-dB sidelobes.
INTRODUCTION
The production of a precisely controlled radiation pattern is central to the proper design of many acoustical systems. Synthesis of a beam having a prescribed beamwidth and low sidelobes is an important problem in this regard. This article describes the use of densely spaced random arrays to solve this problem. The theoretical development is presented, followed by a description of the design and construction of an underwater transducer which produces a Gaussian beam.
An (1) can then be solved using fast Fourier transforms (FFTs), making beamforming computationally inexpensive, even for very large arrays. The drawback is that the spacing between elements must be kept to ,•/2 or less, the function g(x) (e.g., Fig. 1 ), the expected radiation pattern over all realizations of the random array will be given by the Fourier transform
Moreover, as the spatial density of elements increases, the radiation pattern from any particular realization of the random array will approach the expected radiation pattern G(s). It is therefore possible to approximate a desired beam to an arbitrary level of precision simply by increasing the spatial density of elements. Additionally, any symmetric beam may be synthesized using a single amplifier coupled, if necessary, with a phase inverter, provided that electronic beam steering is not needed. The design of densely populated random arrays, where the average distance between elements is less than/•/2, is a topic that does not appear to have received much attention in the literature. The high cost of elements and the potential consequences of mutual coupling • have tended to drive interest more toward sparse arrays. Recently, however, the development of piezoelectric polymers like PVDF (polyvinylidene fluoride) has permitted the consideration of the dense army as a viable means of acoustic beamforming. These materials are relatively low in cost and are easy to work with, permitting the fabrication of many elements on single pieces of polymer. They can also be made very thin, thus reducing the effects of mutual coupling.
The Acoustical Imaging Group in the Marine Physical Laboratory, Scripps Institution of Oceanography, is developing a high-resolution, three-dimensional acoustical imaging system for use in the ocean. t5 The system employs a set of 2 ø by 24 ø preformed fan beams. As in all such applications, the need to control the beam shape is paramount. However, the desire to limit the number of amplifiers has spurred an interest in using random spatial shading for beam forming.
In addition to the theoretical development of densely spaced random arrays, this article describes the design, construction, and testing of an experimental 500-kHz underwater acoustic transducer using dense spatial shading to generate a Gaussian beam. 
Repeating this process multiple times will produce multiple different realizations of the random array, each with a slightly different radiation pattern. This Monte Carlo approach may be employed to select the realization that best satisfies a specific design criterion.
II. SYNTHESIS OF A GAUSSIAN BEAM
In this section a practical implementation of the method of dense random arrays is examined. A linear dense random array was designed to approximate a 2 ø (at the --3-dB points) wide Gaussian beam. Following the notation developed in the previous section, the ideal farfield radiation pattern is described by 
where s=sin(0) and 0 is angle from broadside to the array. This radiation pattern is shown in Fig. 2 . The inverse 
where x is the nondimensional distance from the center of the transducer in increments of the wavelength 2. This shading is shown in Fig. 3 .
A. Method
The random array was created with elements located in increments of 2/4 along the array. At each location x' a random number R was generated, uniformly distributed between 0 and 1. Setting Eq. (12) equal to Eq. (14), an element was actually placed at x' if R was less than g(x'). Thus elements were always placed at the center of the array, where g(0)= 1, while near the ends of the array, where g(x') approaches zero, elements were rarely placed. After all elements were placed, the far-field radiation pattern was calculated for the array. This process was repeated 100 times, and the array yielding the lowest side lobes was chosen.
B. Results
The "best" spatially shaded aperture, selected from 100 randomly generated realizations, is shown as the solid line in Fig. 3. Figure 2 
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The transducer was fabricated from Kynar Piezo Film, 110 ttm thick, coated on both sides with a thin layer of silver. The spatial shading was implemented by etching 3`/4 long elements (Fig. 4) (Fig. 5) .
The radiation pattern was measured in a 4-m-diam, 2-m-deep test tank at the University of California, San Diego. Figure 6 is a block diagram of the experimental layout. The signal transmitted was a 500-kHz pulse, 40 cycles long, with a 500-Hz repetition rate to avoid multipath interference from surface reflections. The transmitter was mounted on a vertical axis which permitted measurements of the radiation pattern at increments of 0.5 ø, with an estimated uncertainty of + 0.1 ø.
B. Results
The measured radiation pattern is shown in Fig. 7 . The peak sidelobe level was measured at --20.8 dB, compared to a predicted --21.8 dB. The measured and predicted radiation patterns show good agreement, particularly in the main lobe. 
IV. DISCUSSION
In this article, a technique has been proposed which employs dense random arrays to approximate a desired beam pattern. It is proved that using this method a desired pattern can be approximated to an arbitrary accuracy. In addition, a Monte Carlo technique has been used to design an array with a spacing of 3`/4 which appears to match the desired beam pattern quite well.
Although previous discussions in the literature have addressed the use of equally weighted random arrays 2-t3 and also the use of interelement spacing less than 3`/2, 2o our combination and implementation of these two ideas appears to be novel. In addition, Eq. ( 11 ) establishes that the asymptotic performance of these arrays will approach the ideal goal of approximating a desired pattern to an arbitrary resolution.
Inasmuch as a properly chosen 3`/2 array can generate any desired beam in real space, it is reasonable to ask why one would ever want to place elements more closely than 3./2 apart. Either of two important simplifications to Eq. 
V. CONCLUSION
The topic of unequally spaced arrays has been explored, in this paper, from the point of view of dense arrays, that is, arrays where the distance between neighboring elements can be less than/L/2. A desired beam can be approximated by distributing equally weighted elements according to the function that defines the associated aperture. The more densely spaced the elements, the better is the approximation.
As a practical application, a dense random array was designed to generate a 2 ø wide Gaussian beam, using elements with a minimum spacing of 3./4. The result was a good approximation to the Gaussian beam in the main lobe (2.4ø), and --21.8 dB maximum sidelobes. A 500-kHz array of the same design was then fabricated using 110-/tmthick PVDF. The measured beam was similar to the predicted beam. The beamwidth was identical, and the peak sidelobe level was --20.8 dB.
The combination of dense spatial shading and PVDF appears advantageous. Dense spatial shading makes sense when individual elements are inexpensive and simple to fabricate, and when mutual coupling between elements can be minimized. PVDF fulfills these requirements. For instance, in the present study, the basic transducer shape was cut out using a razor blade, and the array pattern was etched into the silver metallization using standard techniques and chemicals. The interaction between elements was kept to a minimum by the very low thickness of the PVDF.
We have shown that the approximation to an ideal beam improves as the number of elements increases. In a dense array the limit to the number of elements is set by the physical size of the elements and by the increase in mutual coupling. This raises an interesting question: Is there a way to optimize the beam given a maximum allowable packing density of elements? In this paper we used a Monte Carlo approach to finding the array pattern that generated the best beam. However, we are intrigued by the possibility of using more sophisticated optimization techniques.
